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1. INTRODUCTION

Vibrations of piezoelectric plates have been studied for a long time. In fact, in as
early as 1952, Mindlin [1] derived the two-dimensional approximate theory of
thickness and bending vibrations for piezoelectric plates. Dokmeci [2] made a
review on the main works of vibrations of piezoelectric crystals before 1980. Since
then, the research has been further broadened and deepened [3-5].

The state space method is very powerful in the study of elastic layered structures
[6]. Sosa and Castro [7] generalized the method to study the plane problem of
piezoelectric layered structures. Lee and Jiang [8] and Chen et a/. [9] independently
derived the three-dimensional static state space formulae for transversely isotropic
piezoelectricity and analyzed the bending problem of piezoelectric plates.

This letter presents the non-dimensional state equations for the vibration
problem of transversely isotropic piezoelectric body. The direct expression of the
corresponding transfer matrix is given, so that the inversion of matrix is avoided
to improve the calculation efficiency. The simplified theory corresponding to the
three-generalized-variable elastic plate theory is also given. Numerical comparison
between these two theories is made by considering the free vibration of a simply
supported PZT-4 ceramic plate.

2. THE STATE SPACE METHOD

Assuming the isotropic plane is perpendicular to the z axis, one can write down
the constitutive relations of a transversely isotropic piezoelectric body as follows
[10]

0. = CnulUy + Ci20, + c3w: + €31¢,z, Ty = 6'44(1/!.: + W‘x) + 615(]5‘”

D,=es(u.+w,)—end., 0, = ColUy+ cnv, + cuw. + e,

Tyz == C44(U,: + W,)‘) + elS(p\\f; Dy - elS(U,z + W,y) - 811¢\\';
0. = Cisllx + 13Uy + CaW: + e, Ty = 3(cn — en)(u, + vy),
D.=ey3(u, +v,) + exsw. — e, (1)

where u, v and w are components of displacement; g; and D, are components of
stress and electric displacement respectively; ¢ is electric potential; ¢;, e; and ¢;
are elastic, piezoelectric and dielectric constants respectively. A comma in
subscript indicates partial derivatives with respect to the followed variables. The

0022-460X/98/490741 + 08 $30.00/0 © 1998 Academic Press



742 LETTERS TO THE EDITOR

governing equations can also be found in reference [10] and they can be
non-dimensionalized by introducing the following parameters, in accordance with
the geometry of the plate (Figure 1)

U=uja, V=v/b, W=w/h, D=D.les, &= ¢pss/hese, Z =0./cs,
X=r1.lcu, Y=1.lcu, E=Xxla, n=ylb, {=z/h, si=alb, s,=h/b,
T = vpt/h, v = culp, fi=cufcu, fo=cnlcu, fi=cilcu, fi= cs/cu,
fs=eisles, fo=eses, fr=cenlen, fi= 3%3/(833044)

2

where p is density. By generalizing the state space method in elasticity [6], one can
establish the following state equation for piezoelectricity:
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Figure 1. The geometry of a rectangular plate.
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where p = 0/0t, py = 0/0& and p, = 0/0n, and
-
o = $2fS1, Oy = —thfsfx, Oy = —0, O4=S, Os= —Olifﬁfx, O = — 03,

o = —fson, o= —fsou, o= —(Tfs+ ), o= —(fs + f1)o,

o = —0u/fa, O = —0u/fa,

(s + 2fefsfs — fofafs — fifs — Sif)I(fi + 15,

4 s = _%(fl — f2)s182,  ous = oz + %(ﬂ — 2o, Oie = fsoiOs, 07 = fa0 0,

03

Oy = 0isSi, Ol = OliafST, Obg = L1381, Ola1 = 061, Oy = 001781,
o = 0 = (fafe — f3)/(fa + fs), 02 = —00s = 030 = fu/(fa + fo),
o = fs/(fa + f5), o = o = —(fs + fofs)/(fa + ),
L Br=si/s, Pr=1/s: (5)

Considering the following simply supported conditions,
o.=V=W=®=0 for (=0,1 and o,=U=W=¢=0forn=0,1
(6)

it 1s assumed that

U,..({) cos(mmné) sin(nnn)
V() sin(mn{) cos(nmn)
D,.,({) sin(mn{) sin(nnn)
i Z,u({) sin(mmn&) si'n(nnn) oo ™
-1 X, ($) cos(mn) sin(nmn)

Y, () sin(mn&) cos(nnn)
@ ({) sin(mné) sin(nnn)
W, (0) sin(mn{) sin(nnn)

ST ~XNND <C

where the non-dimensional frequency is defined as Q = wh /v, and w is the circular
frequency. Obviously, equation (7) identically satisfies the boundary conditions
(6). Substituting it into equation (3) gives

d

dig Amn = KmnAnm (8)
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where A,w = [Unis Vi Dons Zows Xoms Yoy @y Wo]' and K, is an eighth order
coefficient matrix whose elements can be readily obtained from equation (4).
According to the matrix theory, the solution to equation (8) can be obtained as

A (C) = exp[({ + 0-5) K]+ Apn(—0-5) )

where the exponential function matrix exp[({ + 0-5)K,.] is known as the transfer
matrix. For the sake of convenience, we will focus our discussion on matrix
exp({K,.) instead of this transfer matrix in the following and the results can be
easily applied to it. By virtue of the Hamilton—Cayley theorem, one can obtain

exp((Km) = ar(O) + Z ai1(O)K,, (10)

where /is an 8 x 8 unit matrix, a; i =1, 2, .. ., 8) are relative to the eigenvalues
of matrix K,,, of which the eigen equation is

ig + blj.() + bz)u4 + b3/12 + b4 - O (11)

where b, (i=1,2,...,4) can be expressed by the elements of matrix K,,. Since
equation (11) is a quadruplicate algebraic equation about A°, its eight eigenvalues
can be written as A4, = — A4 (k=1,2,...,4). When these eigenvalues are
distinct, one can get a; as follows

( 4 4
a, = Z hk;~1%+1;blz+2)“1%+35 a, = Z gkii+li£+2lzk+3,
k=1 k=1
4
a; = — Z hk(i£+|}bi+2 + AI§+|)~]%+3 + j~I§+2)~l%+3):
k=1
4
< as = — Z gk(ilzﬂ“l}t’i‘{‘z + j’]z+|)"£+3 + i1%+2)~13+3): (12)
k=1
4 4
as = Z hk(ilz+l + il%-*—z + il%-*—})a ds = Z gk(ilzﬁ-l + llz+2+ 11%4—3)’
k=1 k=1
4 4
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k=1 k=1
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where k =1, 2, 3,4. It is easy to prove that ¢, = a, (i =1, 2, ..., 8), i.e., all g; are
real. For equal eigenvalues, one shall solve ¢, in other manners [11]. For the plane
problem, the transfer matrix is 6 x 6 and its eigen equation is a cubic algebraic
equation about A%, see reference [7]. By looking into equations (15) and (18) of that
paper, one can find that the negative sign was missed in coefficients @, as. The
same error can also be found in reference [12]. Setting { = 0-5 in equation (9) gives

[U,.(0-5), V,.(0-5, 0, 0, 0, 0, @,,(05), W, (0]
= exp(Ku)[Unn(—0-5), Viu(—=0-5), 0, 0, 0, 0, @,,(—=0-5), W,(—0-5)]". (14)
The third to the sixth equations in equations (14) yield

H\[U,,(—=0-5), V,u(—=05), &,,(—05), W,.(—05] = {0} (15)

where H is a fourth order square matrix derived from matrix exp(K,,) by
eliminating the relevant columns and rows. The vanishing of the coefficient
determinant of equation (15) gives the exact frequency equation for every couple
of (m, n):

det|H,| = 0. (16)

3. TWO-DIMENSIONAL PLATE THEORY

For two-dimensional analysis, assuming

u= —Zlﬁx(X,y), v= —Z%(X,y), W:W(X’y)a ¢:g(2)f(xay) (17)

where g(z) denotes the distribution of electric potential along the thickness.
Equation (17) corresponds to the three-generalized-variable plate theory if the
piezoelectric effect is not considered [13]. Similar to elasticity, we can derive the
governing equations as follows:

( RicWvar + Resosyy + (RKs 4 Reso)Wyny + cash(Wy — W) + erskhfc — pRY . = 0
(RK> + Ress)Waxy + RessWynne + R,y + cash(Wy — ,) + erskhf, — pRY . = 0

) cuhV?w + eiskhV*f — cuh(Yr + ¥,,) — phw,, =0

L eishV?w — enkhVf — eish(x + ,,) = 0 (18)

where
h/2
k= (1/h) f g(z)dz, R =112, V? = 0*/ox* + 0°/dy*
—h/2
and

K1 = Cn — (05013 + ﬂem)/% Ky = Ci2 — (OCC13 + ﬁezl)/%

2
o = Ci3€33 + €€, ﬁ = C13€33 — (33€3], P = €3 + €333, (19)
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For simply supported rectangular plate, analogy to the three-dimensional analysis,
by expanding the unknown functions ., ,, w and f in terms of trigonometric
series, a system of four linear algebraic homogeneous equations can be derived
from equation (18), which gives the corresponding two-dimensional frequency
equation as follows:

det|H,| = 0. (20)

For the sake of simplicity, the elements in H, are not given here.

4. NUMERICAL CALCULATIONS

Consider the free vibration of a PZT-4 ceramic plate, whose material constants
can be found in reference [14]. Frequency equation (16) corresponds to
three-dimensional theory so that for every couple of (m,n), one can get an
arbitrary number of the non-dimensional frequency 2. On the other hand,
equation (20) corresponds to the two-dimensional plate theory, which is finally
shown to be a cubic algebraic equation about Q7 so that at most only three real
frequencies can be obtained. Because the smallest frequency is the most important
in general engineering consideration, we will thus pay attention to it in what
follows. Figures 2 and 3 display the curves of the smallest non-dimensional
frequency 2 versus thickness-to-span ratio s, for a rectangular plate, whose
length-to-width ratio is chosen to be 2. In both figures, the solid lines correspond
to three-dimensional theory while the dotted ones to the two-dimensional theory.

It can be seen from the figures that the non-dimensional frequency €2 increases
as the thickness-to-span ratio increases. A comparison shows that the
non-dimensional  calculated by the two-dimensional plate theory is always larger
than the corresponding one by three-dimensional theory. It can also be seen that
the two-dimensional curve deviates gradually from the corresponding three-
dimensional one with the increase of the thickness-to-span ratio. These facts are

Figure 2. Non-dimensional frequencies for rectangular plates (s; = 0-5, m = 1).
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Figure 3. Non-dimensional frequencies for rectangular plates (s, = 0-5, m = 2).

in fact identical with those of the elastic plate. For a square plate there must be
no difference between x and y directions. Though numerical results are not
presented, it has actually been proved in our calculations.

5. CLOSURE

This letter derived the non-dimensional state equation of a transversely isotropic
piezoelectric body. The direct expression of the transfer matrix was derived so that
the inversion of matrix is avoided. The free vibration of a simply supported
rectangular plate was therefore analyzed. The two-dimensional analysis was also
presented. It is worth mentioning here that the state space method can also be
applied to analyze bending and stability problems of laminated plates.
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